The aim of this paper is to improve a theorem of János Kollár by a different method. Given a Complex projective threefold X of general type, suppose the plurigenus P k (X) ≥ 2, Kollár proved that the (11k+5)-canonical map is birational.
Introduction
Let X be a normal projective 3-fold of general type defined over C and denote by φ m the m-canonical map of X, which is the rational map associated with the linear system |mK X |. In this paper, we consider the following Problem. Suppose P k (X) ≥ 2, where P k (X) is the plurigenus of X, for which value m 0 (k), does |mK X | define a stably birational map onto its image for any m ≥ m 0 (k)?
In [4] , Kollár proved that φ 11k+5 is a birational map. Noting that the main obstacle which prevents Kollár's method from getting a better bound is the case when X admits a rational pencil of some surfaces of general type on the Nother line, we are going to take a special study for this situation. On the other hand, it is hard to check by Kollár's method whether the (11k + 5)-canonical map is stably birational. This paper aims to prove the following Main Theorem. Let X be a projective 3-fold of general type, suppose P k (X) ≥ 2, then (i) φ 9k+6 is a birational map onto its image.
(ii) φ m is stably birational for m ≥ 13k + 6.
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Typeset by A M S-T E X 1 (iii) if P k (X) ≥ 3, then φ 8k+3 is birational and φ m is stably birational for m ≥ 10k + 8.
Remark. After the paper was written, we found that (i) above can be improved to the form that either φ 7k+3 or φ 7k+5 is birational. See the addendum in the final part of this paper.
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Preparation
Throughout our argument, the Kawamata-Viehweg vanishing theorem is always employed as a much more effective tool. We use it in the following form.
K-V Vanishing Theorem. ( [3] or [6] ) Let X be a nonsingular complete variety, D ∈ Div(X) ⊗ Q. Assume the following two conditions:
(1) D is nef and big;
(2) the fractional part of D has the support with only normal crossings. Then H i (X, O X (⌈D⌉ + K X )) = 0 for i > 0, where ⌈D⌉ is the round-up of D, i.e. the minimum integral divisor with ⌈D⌉ − D ≥ 0. Lemma 1.1. (Corollary 2 of [5] ) Let S be a nonsingular algebraic surface, L be a nef divisor on S, L 2 ≥ 10 and let φ be a map defined by |L + K S |. If φ is not birational, then S contains a base point free pencil E ′ with L · E ′ = 1 or L · E ′ = 2. Lemma 1.2. Let S be a nonsingular projective surface of general type, suppose |L| be a system such that h 0 (S, L) ≥ 2, then h 0 (S, K S + L) ≥ 2.
Proof. Modulo blowing-ups, we can suppose |L| be free from base points. If p g (S) > 0, there is no need to prove. If p g (S) = 0, then q(S) = 0, because S is of general type. Let C be a general irreducible element in the moving part of the system |L|, then g(C) ≥ 2. From the exact sequence
we have the surjective map
The lemma is proved. Lemma 1.3. Let S be a nonsingular projective surface of general type, suppose the |L i | are systems such that dimΦ |L i | (S) ≥ i for i = 1, 2, then |K S + 2L 2 + L 1 | gives a birational map.
Proof. Modulo blowing-ups, we can suppose that the |L i | are base-point-free and moving for i = 1, 2. This means that L 2 is nef and big and that L 1 is nef.
If the system |L 2 | gives a birational map, then so does |K S + 2L 2 + L 1 |, because K S + L 1 is effective by Lemma 1.2.
Otherwise, we have L 2 2 ≥ 2. Now we have (2L 2 + L 1 ) 2 ≥ 12. If |K S + 2L 2 + L 1 | does not give a birational map, then, by Lemma 1.1, there is a free pencil E ′ on S such that
This means L 2 · E ′ = 1. Note that E ′ is a curve of genus ≥ 2 and |L 2 | gives a generically finite map. The Riemann-Roch theorem on the curve E ′ tells that deg(L 2 | E ′ ) ≥ 2. We have derived a contradiction.
Proof. Take a birational modification π : X ′ −→ X, according to Hironaka, such that the |π * (L i )| are all base-point-free for i > 0. On X ′ , we can study the system |K X ′ + 2π * (L 3 ) + π * (L 2 ) + π * (L 1 )|. Let M i be the moving part of |π * (L i )|, we have
Therefore, for simplity, we can suppose from the beginning that the |L i | are basepoint-free and moving on X. So L 3 is nef and big under this assumption.
Step 1. Verifying that K X + 2L 3 + L 2 is effective. We have dimΦ |L 2 | (X) ≥ 2. So a general member S ∈ |L 2 | is a nonsingular projective surface of general type. Using the vanishing theorem to the exact sequence
we get the surjective map
Step 2. Reduction to surface case.
Take a 1-dimensional sub-system of |L 1 |, then this system defines a rational map onto P 1 . Take further blowing-up if necessary, we can also suppose that this system defines a morphism f : X −→ P 1 . Actually this is a fibration. Let F be a general fibre of f , then it is a nonsingular projective surface of general type and we have F ≤ L 1 . Now considering the system |K X + 2L 3 + L 2 + F |, it can distinguish general fibres of f because of the effectiveness of K X +2L 3 +L 2 . Using the vanishing theorem again, we have
3 tells that the right system gives a birational map, so does |K X + 2L 3 + L 2 + L 1 |. The proof is completed.
Then we have the following:
where G is a divisor, the E i are effective divisors for each i and 0 < a i < 1, ∀ i. So we only have to prove the lemma for effective Q-divisors. That is easy to check. Lemma 1.6. Let X be a projective 3-fold of general type, |F | be a pencil on X. Suppose |L| is a system such that dimΦ |L| (F ) ≥ 1 for a general member F , then
Proof. According to the minimal model theory, we can suppose X be a minimal model. This means that K X is a nef and big Q-divisor. We can take a birational modification π : X ′ −→ X such that X ′ is nonsingular, both |π * (L)| and |π * (F )| are free from base points and the fractional part of π * (K X ) has support with only normal crossings. By the projection formula, it is sufficient to prove for the system |mK X ′ + π * (L) + π * (F )| on X ′ . Let S be a general irreducible element over F and H be the moving part of |π * (L)|, we have
The K-V vanishing theorem gives
where B := (m − 1)π * K X | S is nef and big, M := H| S . From the assumption, we have h 0 (S, M ) ≥ 2. Choose a 1-dimensional sub-system |C| in |M |, modulo blowingups, we can suppose |C| is free from base points. Also from the vanishing theorem,
where D := ⌈B⌉| C is a divisor on the curve C with positive degree. Because g(C) ≥ 2, we have h 0 (K C + D) ≥ 2. This means |K C + D| gives a generically finite map, thus K X ′ + ⌈(m − 1)π * K X ⌉ + π * (L) + π * (F ) is effective and the image of S through the map defined by this divisor is at least 1.
2. Proof of the main theorem 2.1 Basic formula. Let X be a nonsingular projective threefold, f : X −→ C be a fibration onto a nonsingular curve C. From the spectral sequence:
where b denotes the genus of C.
2.2 Review of Kollár's technique. Let X be a smooth projective 3-fold of general type and suppose P k (X) ≥ 2. Choose a 1-dimensional sub-system of |kK X | and replace X by a birational model X ′ where this pencil defines a morphism g : X ′ −→ P 1 . (For simplity, we can suppose X ′ = X.) Actually, g is a fibration. Let S be a general fibre of g, then S is a smooth projective surface of general type. Let t = k(2p + 1) + p. Then H 0 (ω t X ) = H 0 (P 1 , g * ω t X ) and we have an injection O(1) ֒→ g * ω k X , and hence an injection O(2p + 1) ֒→ g * ω k(2p+1) X
. This gives an injection
is a sum of line bundles of non-negative degree on P 1 . If p ≥ 5, the local sections of g * ω p X give a birational map for S, and all these extend to global sections of O(2p + 1) ⊗ g * ω p X . Moreover its sections separate the fibres from each other, hence φ t is a birational map for X.
From the above method, according to [1] and [7] , we have (1) φ 5k+2 is generically finite for X if S is not a surface with p g (S) = q(S) = 0 and K 2 S 0 = 1, where S 0 is the minimal model of S. Otherwise, we have at least dimφ 5k+2 (X) ≥ 2;
(2) φ 7k+3 is birational for X if S is not a surface with (K 2 S 0 , p g (S)) = (1, 2) or (2, 3). The following result is already known to many experts. Corollary 2.1. Let X be an irregular 3-fold of general type, suppose P k (X) ≥ 2, then φ 7k+3 is birational. Therefore at least φ 143 is birational according to Kollár. Proof. Using the formula for q(X) on the fibration g : X −→ P 1 . If q(X) > 0, then q(S) > 0. Then Φ |3K S | is birational, so is Φ |(7k+3)K X | . Moreover, we have P 20 (X) ≥ 2 for any irregular 3-fold of general type according to Kollár and Fletcher. Thus φ 143 is birational.
Proof of the main theorem.
According to the minimal model theory, we can suppose X be a minimal model with at worst Q-factorial terminal singularities. This means that K X is a nef and big Q-divisor. We begin from a minimal model in order to make use of the K-V vanishing theorem. Make a birational modification π : X ′ −→ X such that:
(i) X ′ is nonsingular;
(ii) |kK X ′ | gives a morphism; (iii) the fractional part of π * (K X ) has support with only normal crossings. This is possible because of Horikawa's big theorem. Set g := Φ |kK X | • π and
We would like to formulate our proof through two steps as follows.
2.3.1
Proof of the first part. dimφ k (X) ≥ 2.
Set kK X ′ ∼ lin M k + Z k , where M k is the moving part and Z k is the fixed part. Then a general member S ∈ |M k | is an irreducible nonsingular projective surface of general type. Write K X ′ = π * (K X ) + a i E i , where the E i are exceptional divisors for π, 0 < a i ∈ Q for each i. Obviously, ⌈π * (K X )⌉ ≤ K X ′ . Then we have
We claim that mK X ′ is always effective for m ≥ 2k + 1. In fact, for any t ∈ Z + , we consider the system
It is a sub-system of |(2k + t + 1)K X ′ |. By the K-V vanishing theorem, we have a surjective map
Noting that ⌈π * ((t + k)K X )⌉ ≥ ⌈π * (tK X )⌉ + M k , also by Lemma 1.5(i), it is sufficient to show that K S + ⌈π * (tK X )| S ⌉ + M k | S is effective. When t = 0, then h 0 (S, K S +M k | S ) ≥ 2, by Lemma 1.2, because h 0 (S, M k | S ) ≥ 2. When t > 0, choose a 1-dimensional sub-system |C| in the moving part of |M k | S |. Modulo blowing-ups, we can suppose |C| be free from base points and then C is nef and C ≤ M k | S . We have g(C) ≥ 2. Because π * (tK X )| S is a nef and big Q-divisor on S, by the K-V vanishing theorem, we also get a surjective map
where D := ⌈π * (tK X )| S ⌉| C is a divisor on C with positive degree. Thus h 0 (C, K C + D) ≥ 2. This leads to the effectiveness of (2k + t + 1)K X ′ . Moreover, actually we have proved that dimφ m (S) ≥ 1 for m ≥ 2k + 1. Now we prove that φ 3k+1 is generically finite. Considering the system |K X ′ + ⌈2kπ * (K X )⌉ + M k |. As we have shown in above that (2k + 1)K X ′ is effective, so |K X ′ +⌈2kπ * (K X )⌉+M k | can distinguish general S. By the K-V vanishing theorem, we have
We have
Noting that h 0 (S, M k | S ) ≥ 2, K S +⌈kπ * (K X )| S ⌉ ≥ K S +M k | S , which is also effective by Lemma 1.2, and kπ * (K X )| S is a nef and big Q-divisor on S, it is easy to verify that |K S + ⌈kπ * (K X )| S ⌉ + M k | S | gives a generically finite map. In fact, choose a 1-dimensional sub-system |C| in the moving part of |M k | S |. With the same reason, we can suppose |C| be free from base points. |K S +⌈kπ * (K X )| S ⌉+C| can distinguish general C, and we have
where D is a divisor on C with positive degree. Because g(C) ≥ 2, thus h 0 (K C +D) ≥ 2 and |K C + D| gives a generically finite map. Setting L 3 := (3k + 1)K ′ X and L 2 = L 1 := kK X ′ , by Proposition 1.4, we see that φ 8k+3 is birational.
Finally, we want to show that φ m is birational for m ≥ 9k +4. Let t := m−7k −3, then t ≥ 2k + 1. Denote by M 3k+1 the moving part of |(3k + 1)K X ′ | and by M t the moving part of |tK X ′ |. We have |K X ′ + ⌈(t + 6k + 2)π * (K X )⌉ + M k | ⊂ |mK X ′ |.
Because t + 6k + 3 > 2k + 1, K X ′ + ⌈(t + 6k + 2)π * (K X )⌉ is effective, thus the left system in the above can distinguish general S.
Furthermore, the vanishing theorem gives
where L := ⌈(t + 6k + 2)π * (K X )⌉| S ≥ 2M 3k+1 | S + M t | S . By Lemma 1.3, |K S + L| gives a birational map, so does |mK X ′ |. In this case, W is a nonsingular curve of genus b. Let F be a general fibre of f , then F is an irreducible smooth projective surface of general type. We have M k ∼ lin F i , where the F i are fibres of f for each i. Subcase 1. b > 0. This is the simpler case, because |kK X | already defines a morphism. We can take the modification π which does not affect the general fibre F , so π * (K X )| F = K X ′ | F = K F . It is very easy to verify, by the above method, that φ m is generically finite (resp. birational) for m ≥ 2k + 2 (resp. m ≥ 2k + 4).
Subcase 2. b = 0. We have a fibration f :
then Φ |(9k+6)K X ′ | is birational and Φ |mK X ′ | is stably birational for m ≥ 10k + 7.
Proof. We automatically have q(F ) = 0. First we study the system
For a general fibre F , the vanishing theorem gives that
where ⌈kπ * (K X )⌉| F is effective. This means that (2k + 1)K X ′ is effective and dimφ 2k+1 (F ) ≥ 1. By Lemma 1.6, we see that mK X ′ is effective and dimφ m (F ) ≥ 1 for m ≥ 3k + 3. Actually, we have dimφ 3k+2 (F ) = 2. In fact, we have
where M 2k+1 is the moving part of |(2k + 1)K X ′ |. It is easy to check that |K F + M 2k+1 | F | gives a generically finite map because q(F ) = 0 and p g (F ) > 0. Now we consider the system |K X ′ + ⌈(8k + 5)π * (K X )⌉ + F i |. Obviously, this system can distinguish general fibre F . The vanishing theorem gives that
where D := ⌈(8k + 5)π * (K X )⌉| F . Denote by M 3k+2 the moving part of |(3k+2)K X ′ |, we have |D| ⊃ |2M 3k+2 | F + M 2k+1 | F |. By Lemma 1.3, |K F + D| gives a birational map, so does |(9k + 6)K X ′ |. When m ≥ 10k + 7, set t := m − 7k − 5 ≥ 3k + 2. We can use the same method as above to show that |K X ′ + ⌈(t + 6k + 4)π * (K X )⌉ + F i | gives a birational map. So φ m is birational for m ≥ 10k + 7.
Claim B. If F is not a surface considered in Claim A, then Φ |(7k+3)K X ′ | is birational and Φ |mK X ′ | is stably birational for m ≥ 13k + 6.
Proof. From 2.2, we know that φ 7k+3 is birational and dimφ 5k+2 (X) ≥ 2. Thus, by Lemma 1.6, mK X ′ is effective for m ≥ 6k + 4. We can also see that (6k + 3)K X ′ is effective. So φ m is birational for m ≥ 13k + 6.
Claim C. In the Subcase 2, if P k (X) ≥ 3, then φ 6k+5 is birational and φ m is stably birational for m ≥ 10k + 8.
Proof. Because P k (X) ≥ 3 and |kK X ′ | is composed of a pencil, we have an injection O(2) ֒→ f * ω k X ′ . So, for each p > 0, we have
Thus Kollár's technique tells that φ 6k+5 is birational, φ 4k+3 is generically finite and dimφ 3k+2 (X) ≥ 2. Now using our method, we can see that mK X ′ is effective for m ≥ 4k + 4 by Lemma 1.6. We also know that (4k + 3)K X ′ is effective. Thus φ m is birational for m ≥ 10k + 8. Section 2.3.1, Claim A and Claim B imply Main Theorem (i) and (ii). Claim C and Section 2.3.1 imply Main Theorem (iii).
2.4
Other corollaries. If f : X −→ P 1 is a fibration and a general fibre F is a surface with p g (F ) = q(F ) = 0, then, by Subsection 2.1, we have q(X) = h 2 (O X ) = p g (X) = 0.
So χ(O X ) = 1 and then P 24 (X) ≥ 2 according to [2] . We can prove the following results using our method:
(1) Let X be a 3-fold of general type, P k (X) ≥ 2, then either φ 171 is generically finite, or φ 5k+2 is generically finite.
(2) Let X be a 3-fold of general type, p g (X) > 0 and P k (X) ≥ 2, then φ m is generically finite (resp. birational) for m ≥ 5k + 2 (resp. m ≥ max(7k + 3, 6k + 9)).
(3) Let X be a 3-fold of general type, P k (X) ≥ 2, then either φ 3k+3 is generically finite or φ 7k+3 is birational.
An open problem
Let X be a nonsingular projective variety of general type of dimension n. We define k 0 (X) := min{k|P k (X) ≥ 2}; k s (X) := min{k|φ m is birational for m ≥ k}; µ s (X) := k s (X) k 0 (X) , which is called the relative pluricanonical stability of X. Obviously, µ s (X) is a birational invariant. µ s (n) := sup{µ s (X)|X is a n-fold of general type}, which is called the n-th global relative pluricanonical stability.
It is well-known that µ s (1) = 3 and µ s (2) = 5. From the main theorem, we have µ s (3) ≤ 16. What is the exact value of µ s (3)? It is also interesting to study µ s (n) for n ≥ 4, even we don't know whether we should have µ s (n) < +∞.
